]. The energy eigenvalues and two-component spinor wavefunctions are obtained in terms of the Jacobi polynomials analytically. The energy eigenvalues depend on the deformation parameter q. It is also shown that the nonrelativistic limit can be reached easily and directly.
Introduction
The Woods-Saxon potential and its various modifications have received for much interest describing metallic clusters in a successful way. It is used in the central part of the interaction neutron with one heavy-ion nucleus [1] . It is used also for the optical potential model.
Differential cross-section in the
16 O + 12 C elastic scattering are analyzed in some energies by using this potential [2] . The nonrelativistic study of Woods-Saxon potential has analytic solutions only for s-wave [3, 4] . Thus the single-particle motion in atomic nuclei has been explained quite well. The quantum behaviour of relativistic particle in the presence of WoodsSaxon potential has settled the possible existence of bound state spectra. The relativistic oscillator and exponential-type potential problems have already been established for a long time ago [5, 6] and their nonrelativistic limits reproduce the usual Schrödinger-oscillator and exponential-type solutions, respectively.
Recently the Dirac equation has been solved using two-component spinors for the exponential type potentials such as Woods-Saxon and Hulthén potentials for a special case [7] .
A. D. Ahaidari has just introduced a new formalism to the definition of the radial Dirac equation and solved for a class of shape-invariant potentials [8, 9] . The main point in the formalism is to separate the variables such that the two coupled first order differential equations resulting from the radial Dirac equation generate Schrödinger-like equations for the two spinor components. Following the procedure given in Ref. [8] , we present a new systematical approach to solve the Dirac-Woods-Saxon problem by means of the NU method [10] .
The article is structured as follows: In Sec. 2, we introduce briefly the Nikiforov-Uvarov (NU) method. In Sec. 3 we obtained the energy eigenvalues and eigenfunctions by applying the NU method and following the formalism improved by Alhaidari. Results are discussed in Sec. 4.
The Method and Formalism
The method which is proposed by Nikiforov-Uvarov is used to solve the second-order linear differential equations for spherically symmetric potentials. It provides us an exact solution for a certain kinds of potentials. Solution of Schrödinger equation can be obtained by reducing to a hypergeometric type equation with an appropriate coordinate transformation s = s(x) [10] . Eigenfuctions are expressed in terms of the special orthogonal functions [11] .
Thus it may have the following general form, 
together with the eigenvalue equation
Eq.
(1) can also be reduced to an equation of hypergeometric type,
where φ(s) satisfies φ(s) ′ /φ(s) = π(s)/σ(s). y(s) is the hypergeometric type function whose polynomial solutions are given by Rodrigues relation
where B n is the normalization constant and the weight function ρ must satisfy the condition
The other polynomials are obtained as follows;
and it will have a negative derivative. The function π and the parameter λ is defined as
and
On the other hand, in order to find the value of k, the expression under the square root must be square of a polynomial.
We will now introduce a brief summary for the solution of the Dirac equation. For convenience, atomic units (m = e =h = 1) are used, and the corresponding speed of light c is matched κ −1 . It is well-known from the formalism that the Hamiltonian for a Dirac spinor in four-component electromagnetic potential (A 0 , A) can be given as
where κ is the fine structure parameter and σ are the three 2x2 Pauli spin matrices. In addition, the two off-diagonal terms κ σ. A in Eq. (10) are to be replaced by ±iκ σ. A, respectively.
Taking the spherically symmetric case and writing (A 0 , A) as (V (r),
the following two-component Dirac equation is obtained as
where E R is the relativistic energy, ζ is the spin-orbit coupling parameter defined as ζ = ±(j+ 1/2) = ±1, ±2, ... for l = j ± 1/2, V (r) and W (r) are the even and odd components of the relativistic potential, respectively. For a given value of the spin-orbit coupling parameter ζ, Schrödinger-like requirement relates the two potential functions as:
, where ξ is a real parameter. In the formalism proposed by A. D. Alhaidari to obtain Schrödinger-like equation, a global unitary transformation is used to eliminate the first derivative. Thus
κησ 2 ) is applied in Eq. (11) . Here, η is a real constant and σ 2 is the 2x2 Pauli matrix which defines the two radial spinor components in terms of the other,
with C = cos(κη) = 1 − (κξ) 2 > 0,
and here φ ± (r) is the upper or lower spinor components, respectively. Let now us the matter from the "kinetic balance relation" Eq. (12) standpoint. It is emphasized that Eq. (12) with the top and bottom signs are not valid for negative and positive energy solutions, respectively.
The top and bottom signs in front of E R in Eq. (12) are not allowed to take the values −C and +C, because these two values are elements of the negative and positive energy spectrums, respectively. Substituting these into the radial Dirac equation (Eq. (11)), we get the Schrödinger-like second-order differential equation in terms of the lower and upper spinor components as:
where the + sign belongs to the upper spinor component.
The relativistic Dirac-Woods-Saxon Problem
The interaction between nuclei is commonly described by using a potential that consists of the Coulomb and the nuclear potentials. It is usually taken in the form of the Woods-Saxon potential. For Here, we take
where V 0 is the potential depth, R 0 is the width of the potential, b is the surface thickness which is usually adjusted to the experimental values of ionization energies and q is the new deformation parameter. After substituting the potential into Eq.(15), we have
Now, in order to apply the NU−method, we rewrite Eq.(16) by using a new variable of
By introducing the following dimensional parameters
We get the following hypergeometric type equation defined in Eq.(1):
After the comparison of Eq.(19) with Eq. (1), we obtain the corresponding polynomials as
Substituting these polynomials into Eq. (8), we obtain π function as
with σ ′ (s) = 1 − 2qs. The discriminant of the second order equation under the square root has to be zero. Hence, two roots are obtained as
Thus substituting these values for each k into Eq.(21) following possible solution is ob-
From the four possible forms of the polynomial π(s) we select the one for which the function τ (s) in Eq. (7) has a negative derivative. Therefore, the function τ (s) satisfies these conditions
Thus, we have
From Eq. (9) we get
and also from Eq.(3)
After the comparison of λ values in Eq.(25) and Eq.(26) and substituting the values of ε and β, one can immediately get the relativistic energy eigenvalues E Rnq of the Dirac particle are
as follows
where T = (1 + n)q + γ. To have a physical result the expression under the square root must be positive. n is the principal quantum number defined in the interval of n max ≥ n ≥ 0 .
Here, n max is the condition for the existence of bound states and it can be translated into the condition that n max ≥ 0. In addition, Eq.(27) indicates that one deals with a family of the q-deformed-Woods-Saxon potential. By studying Eq.(16), one can easily show that in
, where E N R is the nonrelativistic energy, the wave equation is reduced to the following form
It corresponds to the case q = 1. The energy spectrum for the S-wave nonrelativistic WoodsSaxon problem is known, Ref. [3] , and also repeated by means of the NU method in Ref.
[4].
Let us now find the corresponding wavefunctions. According to the NU-method, the polynomial solutions of the hypergeometric function y(s) depend on the determination of
where ν = 1+ 
where A n is the normalization constant. Taking q = 1, the polynomial solutions of y n (s) are expressed in terms of the Jacobi Polynomials, which is one of the orthogonal polynomials
(1 − 2s) [11] .
By substituting π(s) and σ(s) into the expression φ(s) ′ /φ(s) = π(s)/σ(s) and solving the resulting differential equation, the other part of the wavefunction in Eq. (2) is found as
We write the upper spinor component with the parameter of "s" in terms of the Jacobi polynomials as
where B n is a normalization constant and again q = 1. The lower component of the spinor wavefunction can also be obtained by substituting this in the "kinetic balance" relation Eq. (12) . We get as
where E ± Rn = C. This is possible, if a new variable x = 1 − 2s is introduced. Now, the equation of the lower spinor component has been transformed into the following form for
where C n is the normalization constant and its value is equal to B n 2 γ−ν−i √ ε . Using the following recursion relations and differential formula satisfied by the Jacobi polynomials [12] , 
where L = CV 0 /ξ + (1 + γ)/b and M = ξ + i √ ε/b.
Conclusion
We have solved The Dirac equation for the deformed Woods-Saxon potential. We have followed a formalism introduced by Alhaidari. The NU method is used in the calculations
The energy eigenvalues and eigenfunctions in terms of the Jacobi polynomials are obtained exactly. It is seen that the energy eigenvalues are a function of the deformation parameter q. We have seen that nonrelativistic limit of the Dirac equation can be obtained easily. This nonrelativistic limit involves the sum of the potential and its derivative. We also point out that the exact results obtained for the generalized Woods-Saxon potential may have some interesting applications in the study of different quantum mechanical and the nuclear scattering systems.
